Cartilage matrix mechanical function is largely determined by interactions between the collagen fibrillar network and the proteoglycan gel. Although the molecular physics of these matrix constituents have been characterized and modern imaging methods are capable of localized measurement of molecular densities and orientation distributions, theoretical tools for using this information for prediction of cartilage mechanical behavior are lacking. We introduce a means to model collagen network contributions to cartilage mechanics based upon accessible microstructural information (fibril density and orientation distributions) and which self-consistently follows changes in microstructural geometry with matrix deformations. The interplay between the molecular physics of the collagen network and the proteoglycan gel is scaled up to determine matrix material properties, with features such as collagen fibril pre-stress in free-swelling cartilage emerging naturally and without introduction of ad hoc parameters. Methods are developed for theoretical treatment of the collagen network as a continuum-like distribution of fibrils, such that mechanical analysis of the network may be simplified by consideration of the spherical harmonic components of functions of the fibril orientation, strain, and stress distributions. Expressions for the collagen network contributions to matrix stress and stiffness tensors are derived, illustrating that only spherical harmonic components of orders 0 and 2 contribute to the stress, while orders 0, 2, and 4 contribute to the stiffness. Depth-and compression-dependent equilibrium mechanical properties of cartilage matrix are modeled, and advantages of the approach are illustrated by exploration of orientation and strain distributions of collagen fibrils in compressed cartilage. Results highlight collagen-proteoglycan interactions, especially for very small physiological strains where experimental data are T. M. Quinn (B) · V. Morel relatively sparse. These methods for determining matrix mechanical properties from measurable quantities at the microscale (composition, structure, and molecular physics) may be useful for investigating cartilage structure-function relationships relevant to load-bearing, injury, and repair.
Introduction
Articular cartilage is a composite polyelectrolyte hydrogel with mechanical properties determined by interactions among its molecular constituents (Grodzinsky, 1983) . The major constituents are a collagen fibrillar network and a proteoglycan (PG) gel. The molecular physics of these individual components have been characterized by a range of investigations. Tensile properties of collagen molecules (Luo et al. 2004) have been observed experimentally, in addition to the properties of collagen fibers (Pins et al. 1997 ) which form the mechanically functional network. In theoretical modeling, collagen mechanics is often addressed using rope-like constitutive laws with spring-like behavior in tension and negligible resistance in compression (Farquhar et al. 1990; Soulhat et al. 1999; Wilson et al. 2004 ). The PG gel provides much resistance to fluid flow (Zamparo and Comper 1989) and solute transport (Torzilli et al. 1997) in cartilage. Furthermore, it accounts for most of the matrix fixed charge density (Maroudas et al. 1969; Bashir et al. 1999) , which contributes to electrokinetic phenomena (Frank and Grodzinsky 1987) and compressive stiffness (Seog et al. 2002) . Theoretical models of PG gel molecular physics including electrokinetic transport (Eisenberg and Grodzinsky 1988), electrostatic component of compressive modulus (Buschmann and Grodzinsky 1995) , and anisotropic hydraulic permeability (Quinn et al. 2001a ) have been developed through extensions of unit cell approaches for transport in fibrous media (Happel 1959; Kuwabara 1959; Brenner and Edwards 1993) . Molecular scale models of collagen and PG contributions to cartilage mechanics are useful for relating the compression-dependent material properties of articular cartilage (Mow et al. 1984; Chen et al. 2001; Quinn et al. 2001b; Reynaud and Quinn 2006) to microstructural changes which occur during tissue deformations (Quinn et al. 2001a) .
Interactions between collagen network tensile properties and PG gel swelling pressure contribute to cartilage mechanics and matrix microstructural organization (Maroudas 1976; Williams et al. 1996) . The mechanics of cartilage explant disks in radially unconfined axial compression (Armstrong et al. 1984; Kim et al. 1995) involve predominant contributions from PG gel swelling pressures for axial stresses, balanced by collagen network tensile stresses in the radial direction. These contributions combine to determine the tissue compressive Young's modulus (E) and Poisson's ratio ( Several theoretical models have been developed to address collagen network mechanics. Scale-up from molecular physics to tissue properties, with individual fibrils subject to continuum-scale deformations and network mechanics determined from superposition of many individual fibrils has been explored in the contexts of cartilage (Farquhar et al. 1990 ), tissue-equivalent materials (Barocas and Tranquillo 1997), and aortic valves (Billiar and Sacks 2000; Driessen et al. 2003) . The "fibril-reinforced" model for articular cartilage aimed to explicitly address the mechanics of the collagen network and the PG gel acting simultaneously (Soulhat et al. 1999) . In this particular approach, collagen fibril microstructural details were ignored and replaced by nonlinear spring elements representing network constitutive behavior. As a result, this approach relied upon empirical characterization in specific loading configurations (rather than independently acquired molecular physics and microstructural data) for modeling of collagen network mechanics. Furthermore, the PG gel was modeled as poroelastic (Soulhat et al. 1999; Li et al. 2000) instead of a gas-like, flow-resistant material consistent with the understanding of its molecular physics (Grodzinsky 1983; Buschmann and Grodzinsky 1995) . Therefore, the "fibril-reinforced" approach does not fully separate collagen and PG contributions to cartilage mechanics: the PG gel possesses a seemingly nonphysical Poisson's ratio and collagen fibrils support zero tensile stress under tissue free-swelling conditions, which is inaccurate (Maroudas 1976) . Limitations of the "fibril-reinforced" model have been partially addressed by extensions to include greater numbers of spring elements representing collagen network constitutive behavior (Wilson et al. 2004 ) and more careful attention to interactions between collagen tension and PG gel swelling pressures in the absence of tissue loading (Wilson et al. 2005) . However, these approaches still rely upon empirical characterization of the effective constitutive behavior of matrix constituents in specific loading configurations, and retain ad hoc parameters such as PG gel Poisson's ratio. Therefore they are limited in their potential for estimation of cartilage mechanical properties from independently determined microstructural data and molecular physics.
Our objectives were to develop a constitutive model of the cartilage collagen network based upon measurable structural quantities including fibril density and orientation distributions. This microstructure-based approach aims for direct scale-up from structural organization and physics at the molecular scale to mechanics at the tissue scale, without case-specific empirical characterization. It therefore may be readily applied to matrix from any tissue zone or extracellular location, and any mechanical loading conditions. For implementation in finite element calculations of cartilage deformations proceeding with incremental time steps, constitutive laws governing matrix poroelastic mechanics are derived from microstructural data. Small deformations are allowed to occur, then associated microstructural changes are determined and constitutive laws re-derived. Therefore modeled deformations proceed as many small linear steps, but microstructural data and matrix properties are continuously updated to model nonlinear behavior over large deformations.
